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Abstract
The vector bosons production at the Large Hadron Collider makes it possible to investigate in
detail the basic structure of electroweak interactions. Besides the LHC with a good accuracy will be
measure production of weak bosons (pp→W+W−). The production of weak bosons with photon
(pp→W+W−γ) provides an increasingly powerful handle at higher center-of-mass energies.
We present phenomenological results for WWγ production in proton-proton interaction at the
Large Hadron Collider. In this paper, we calculate the total and differential cross sections. We
consider the dependence of differential cross section distributions on transverse momentum and
rapidity particles, which are produced in the final state (W+ and W−). We consider several
important distributions, which are included in the search for new physics at the Large Hadron
Collider.
The results for transverse momentum distributions, rapidity distributions and total cross section
are presented.
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I. INTRODUCTION
The fundamental description of matter and the forces that determine its behavior are
constantly studied in particle physics.
The new physics, which underlies the dynamics of the electroweak symmetry breaking is one
of the outstanding open questions of the Standard Model.
Massive vector boson production is among the most important electroweak processes at
hadron colliders. This makes is it possible to study in detail the structure of the gauge
symmetry of electroweak interactions and the electroweak symmetry breaking mechanism.
At Tevatron and the LHC, various measurements of the W+W− production have been
carried out [1–15] and it was shown that the total W+W− cross section at 8 TeV and 13
TeV exceeds theoretical expectations and causes possible phenomena of new physics [16–24].
The vector-bosons production plays an important role in various areas of the Large Hadron
Collider (LHC) physics programme. Experimental studies of these processes permit one to
test key aspects of the Standard Model (SM) at energies up to the TeV regime.
It should be noted that precise calculations of vector-bosons production have reached a
new era with the recent results at the next-to-next-to-leading order (NNLO) QCD precision
for V + 1 jet [25] as well as have been used to precisely describe backgrounds for dark matter
searches [26].
In recent years, owing to the Large Hadron Collider (LHC), particle physicists at CERN
have gained access to more accurate testing of the parameters of the Standard Model.
Therefore, we want to consider an important SM process of the vector boson production in
proton-proton collisions at LHC energy.
At leading order of perturbation theory, we will consider the W+W−γ production described
by one of the subprocesses, namely, quark-antiquark scattering.
At present, one of the prime targets for experiments is the measurement of the WWγ and
WWZ couplings. In the Standard Model these couplings are unambiguously fixed by the
non-abelian nature of the SU (2) × U (1) gauge symmetry.
The underlying theory of our calculations is the SM of particle physics. Since we deal
with the production of weak bosons, we will take into account the electroweak sector, too.
One of the functions that describes the interaction of partons in a hadron is the distribution
of the dependence on the transverse momentum. The transverse momentum dependent dis-
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tributions naturally appear within factorization theorem for the differential cross section of
inclusive hard processes [27, 28].
The Large Hadron Collider (LHC) at CERN allows the vector boson production with trans-
verse momenta in the TeV regime in proton-proton collisions (pp) with a centre-of-mass
energy of
√
s = 7 or 8 or 14 TeV .
The production WWγ and WZγ of triboson has been studied from proton-proton collisions
at a centre-of-mass energy of
√
s = 8 TeV recorded with the ATLAS detector corresponding
to an integrated luminosity of 20.2 fb−1 [29], and the CMS detector data correspond to an
integrated luminosity of 19.3 fb−1 [30] at the LHC.
The WWγ production in the proton-proton collision is analyzed in the [31], and it is shown
that this channel can discover new physics at the LHC.
In some works [32–34] using ATLAS and CMS data, the di- and multiboson
(ZZ,WZ,WW,WWγ and WZγ) productions pp collisions at
√
s = 8 and 13 TeV are
studied.
The detailed theoretical investigation was carried out of the WW,WZ,ZZ,Wγ, Zγ vector
bosons production and WWg,ZZg, ZZq productions in the process of pp collisions [35–40].
In [41], was theoretically investigated the production of W+W−γ in the process of pp colli-
sions.
It should be noted that the study of the W+W−γ production process may be will be for the
good perform of accurate tests of the description of electroweak and strong interactions in
the standard model (SM).
The Standard Model of particle physics describes most of high-energy experimental data. In
[42], the cross-section of the WW and WZ production has been precisely measured at the
LHC and found to be in agreement with the SM expectation. By extending the analysis of
the inclusive WW +WZ diboson production cross section in proton-proton collisions, the
production of three gauge bosons WW (WZ)γ [43] was observed.
It can be predicted that the WWγ production also provides a potential background for new
physics searches, such as supersymmetric particles.
There is great interest in the two and three gauge-boson production of final states in proton-
proton interaction at high-energy colliders, since they will allow crucial tests of the elec-
troweak gauge theory.
Taking into account the above, one can come to the conclusion that the study of the WWγ
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production in proton-proton collisions presents the most interesting problems for LHC and
other colliders.
Thus, in the present paper we will investigate these problems; i.e. considering the LHC con-
ditions, we will calculate cross sections of the WWγ production in proton-proton collisions.
We can write convolution of the matrix element of process and the universal parton den-
sity functions for obtaining an inclusive cross section for a given scattering process with the
use of the factorization theorem in perturbative quantum chromodynamics (pQCD).
We present the cross sections for the vector boson production to study the effect of contri-
butions separating single boson and diboson production.
II. GENERAL FRAMEWORK
In this section we want to discuss the WWγ three bosons production in hadron-hadron
collisions at LHC energy.
The process is written in the form
p(P1) + p(P2)→W−(k1) +W+(k2) + γ(k3). (1)
The W+W−γ production at the LHC is obtained form the quark-antiquark annihilation
subprocess at the parton level:
q(p1) + q¯(p2)→W−(k1) +W+(k2) + γ(k3). (2)
To calculate the cross section, we need to consider all diagrams. In this process, we have
fifteen Feynman diagrams.
The leading order (LO) of all Feynman diagrams for (2) process is illustrated in Figs.1, 2
and 3, respectively.
The general couplings of two charged vector bosons with a neutral vector boson, WWγ
and WWZ, can be derived from the following effective Lagrangian, which conserves C
(charge) and P (parity) separately, can be given as follows [44–46]:
L = igWWγ[gγ1 (W †µνW µAν −W µνW †µAν) + κγW †µWνAµν +
λγ
m2W
W †ρµW
µ
ν A
νρ]
+ igWWZ[g
Z
1 (W
†
µνW
µZν −W µνW †µZν) + κZW †µWνZµν +
λZ
m2W
W †ρµW
µ
ν Z
νρ], (3)
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Figure 1: The Feynman diagrams for the process qq¯ →W+W−γ.
where Xµν ≡ ∂µXν − ∂νXµ (Xµ = Wµ, Aµ, Zµ) and the coefficients gγ,Z1 , kγ,Z and λγ,Z are
defined to be gγ,Z1 = kγ,Z = 1 and λγ,Z = 0 in the Standard Model, and the overall coupling
constants gWWV are given by gWWγ = −e and gWWZ = −e cot θW , respectively, with θW
being the weak mixing angle and e being the positron charge.
It should be noted that triple gauge couplings were thoroughly measured at LEP2 [47].
For the W W interaction, many phenomenological processes at linear and hadron colliders
were studied [48–57].
We can write the Feynman amplitudes for the partonic process q+ q¯ →W−+W++ γ as
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Figure 2: The Feynman diagrams for the process qq¯ →W+W−γ.
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Figure 3: The Feynman diagrams for the process qq¯ →W+W−γ.
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M1 = −K1 · v¯(p2, mq) · γµ · u(p1, mq) ·
[
(k2 − k3)ρgβν + (−2k2 − k3)νgβρ + (k2 + 2k3)βgνρ
]
·
·gµσ ·
[
(2k1 + k2 + k3)
λgασ + (k2 + k3 − k1)σgαλ + (−k1 − 2k2 − 2k3)αgσλ
]
·
·gρλ · 1
(k2 + k3)2 −M2W + iMWΓW
· 1
(k1 + k2 + k3)2
· ε∗ν(k3)ε∗α(k1)ε∗β(k2);
M2 = K2 · v¯(p2, mq) · γµ · u(p1, mq) ·
[
(k2 − k3)ρgβν + (−2k2 − k3)νgβρ + (k2 + 2k3)βgνρ
]
·
·gµσ ·
[
(2k1 + k2 + k3)
λgασ + (k2 + k3 − k1)σgαλ + (−k1 − 2k2 − 2k3)αgσλ
]
·
·gρλ · 1
(k2 + k3)2 −M2W + iMWΓW
· 1
(k1 + k2 + k3)2 −M2Z + iMZΓZ
· ε∗ν(k3)ε∗α(k1)ε∗β(k2);
M3 = −K3 · v¯(p2, mq) · γµ(kˆ1 − pˆ2 +mq)γν(kˆ1 + kˆ2 − pˆ2 +mq)γρ · u(p1, mq) ·
· 1
(p2 − k1)2 −m2q
· 1
(p2 − k1 − k2)2 −m2q
· ε∗ρ(k3)ε∗µ(k1)ε∗ν(k2);
M4 = −K4 · v¯(p2, mq) · γµ(kˆ1 − pˆ2 +mq)γν · u(p1, mq) ·
[
(k2 − k3)ρgσα + (−2k2 − k3)αgσρ +
+(k2 + 2k3)
σgρα
]
gνρ · 1
(p2 − k1)2 −m2q
· 1
(k2 + k3)2 −M2W + iMWΓW
· ε∗α(k3)ε∗µ(k1)ε∗σ(k2);
M5 = −K5 · v¯(p2, mq) · γµ(kˆ3 − pˆ2 +mq)γν(kˆ1 + kˆ3 − pˆ2 +mq)γρ · u(p1, mq) ·
· 1
(p2 − k3)2 −m2q
· 1
(p2 − k1 − k3)2 −m2q
· ε∗µ(k3)ε∗ν(k1)ε∗ρ(k2);
M6 = K6 · v¯(p2, mq) · γµ · u(p1, mq) · gµσ · 1
(k1 + k2 + k3)2
· ε∗α(k1)ε∗β(k2)ε∗ν(k3) ·
·[gασgβν + gανgβσ − 2gαβgνσ];
M7 = −K7 · v¯(p2, mq) · γµ · u(p1, mq) · gµσ 1
(k1 + k2 + k3)2 −M2Z + iMZΓZ
·
·ε∗α(k1)ε∗β(k2)ε∗ν(k3) ·
[
−gασgβν − gανgβσ + 2gαβgνσ
]
;
M8 = K8 · v¯(p2, mq) · γµ · u(p1, mq) ·
[
(k1 − k3)ρgαν + (−2k1 − k3)νgαρ + (k1 + 2k3)αgνρ
]
gµσ ·
·
[
(k1 + 2k2 + k3)
λgβσ + (k1 − k2 + k3)σgβλ + (−2k1 − k2 − 2k3)βgσλ
]
gρλ ·
· 1
(k1 + k3)2 −M2W + iMWΓW
· 1
(k1 + k2 + k3)2
· ε∗ν(k3)ε∗α(k1)ε∗β(k2);
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M9 = K9 · v¯(p2, mq) · γµ · u(p1, mq) ·
[
(k1 − k3)ρgαν + (−2k1 − k3)νgαρ + (k1 + 2k3)αgνρ
]
gµσ ·
·
[
(k1 + 2k2 + k3)
λgβσ + (k1 − k2 + k3)σgβλ + (−2k1 − k2 − 2k3)βgσλ
]
gρλ ·
· 1
(k1 + k3)2 −M2W + iMWΓW
· 1
(k1 + k2 + k3)2 −M2Z + iMZΓZ
· ε∗ν(k3)ε∗α(k1)ε∗β(k2);
M10 = −K10 · v¯(p2, mq) · γµ(kˆ1 + kˆ3 − pˆ2 +mq)γν · u(p1, mq) ·
[
(k1 − k3)αgσρ + (−2k1 − k3)σgαρ +
+(k1 + 2k3)
ρgσα
]
gνα · 1
(p2 − k1 − k3)2 −m2q
· 1
(k1 + k3)2 −M2W + iMWΓW
·
·ε∗σ(k3)ε∗ρ(k1)ε∗ν(k2);
M11 = −K11 · v¯(p2, mq) · γµ(kˆ1 + kˆ2 − pˆ2 +mq)γν · u(p1, mq) ·
[
(k1 − k2)σgαβ + (−2k1 − k2)βgασ +
+(k1 + 2k2)
αgβσ
]
gµσ · 1
(p2 − k1 − k2)2 −m2q
· 1
(k1 + k2)2
· ε∗ν(k3)ε∗α(k1)ε∗β(k2);
M12 = K12 · v¯(p2, mq) · γµ(kˆ1 + kˆ2 − pˆ2 +mq)γν · u(p1, mq) ·
[
(k1 − k2)σgαβ + (−2k1 − k2)βgασ +
+(k1 + 2k2)
αgβσ
]
gµσ · 1
(p2 − k1 − k2)2 −m2q
· 1
(k1 + k2)2 −M2Z + iMZΓZ
· ε∗ν(k3)ε∗α(k1)ε∗β(k2);
M13 = K13 · v¯(p2, mq) · γµ(kˆ3 − pˆ2 +mq)γν · u(p1, mq) ·
[
(k1 − k2)σgαβ + (−2k1 − k2)βgασ +
+(k1 + 2k2)
αgβσ
]
gνσ · 1
(p2 − k3)2 −m2q
· 1
(k1 + k2)2
· ε∗µ(k3)ε∗α(k1)ε∗β(k2);
M14 = K14 · v¯(p2, mq) · γµ(kˆ3 − pˆ2 +mq)γν · u(p1, mq) ·
[
(k1 − k2)σgαβ + (−2k1 − k2)βgασ +
+(k1 + 2k2)
αgβσ
]
gνσ · 1
(p2 − k3)2 −m2q
· 1
(k1 + k2)2 −M2Z + iMZΓZ
· ε∗µ(k3)ε∗α(k1)ε∗β(k2);
M15 = K15 · v¯(p2, mq) · γµ(kˆ1 − pˆ2 +mq)γν(kˆ1 + kˆ3 − pˆ2 +mq)γρ · u(p1, mq) ·
· 1
(p2 − k1)2 −m2q
· 1
(p2 − k1 − k3)2 −m2q
· ε∗ν(k3)ε∗µ(k1)ε∗ρ(k2); (4)
here MW , MZ , ΓW and ΓZ are the masses and the decay width of the W and Z bosons,
respectively. p1 and p2 are the 4-momenta of the quark and anti-quark in the initial state.
εµ(k1), εν(k2) are the polarization vectors ofW
−, W+ bosons, and ερ(k3) is the polarization
vector of the photon, k1, k2, and k3 are 4-momenta of W
−, W+, and photon, respectively.
K1, K2, K3, K4, K5, K6, K7, K8, K9, K10, K11, K12, K13, K14, K15 are the coefficients that are
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obtained from the Feynman rule for every amplitude of the diagrams, respectively.
K1 =
4e3
3
; K2 = e
3 · CosθW
SinθW
·
[
1
2
− 2Sin2θW
3
CosθWSinθW
− 2SinθW
3CosθW
]
; K3 =
16e
3
M2W
GF√
2
|Vud|2;
K4 = 4eM
2
W
GF√
2
|Vud|2; K5 = 16e
3
M2W
GF√
2
|Vud|2; K6 = 4e
3
3
;
K7 = e
3
CosθW
SinθW
·
[
1
2
− 2Sin2θW
3
CosθWSinθW
− 2SinθW
3CosθW
]
; K8 =
4e3
3
;
K9 = e
3
CosθW
SinθW
·
[
1
2
− 2Sin2θW
3
CosθWSinθW
− 2SinθW
3CosθW
]
; K10 = 4eM
2
W
GF√
2
|Vud|2; K11 = 16e
3
9
;
K12 =
4e3
3
· CosθW
SinθW
·
[
1
2
− 2Sin2θW
3
CosθWSinθW
− 2SinθW
3CosθW
]
; K13 =
16e3
9
;
K14 =
4e3
3
· CosθW
SinθW
·
[
1
2
− 2Sin2θW
3
CosθWSinθW
− 2SinθW
3CosθW
]
; K15 =
8e
3
M2W
GF√
2
|Vud|2. (5)
where the quantitiesMW , e =
√
4πα, GF , Vud, and θW are the W-boson mass, the elementary
electric charge (α ∼ 1/137), the Fermi coupling constant, one of the elements of the Cabibbo
- Kobayashi - Maskawa matrix, and the weak mixing angle, respectively.
Full square matrix element can be written as follows
|M|2 =
∑
|M1 +M2 +M3 +M4 +M5 +M6 +M7 +M8 +M9 +
+M10 +M11 +M12 +M13 +M14 +M15|2. (6)
A. The kinematics
For the subprocesses (2) Mandelstam invariants we can be written in the following form:
s = (p1 + p2)
2 = (k1 + k2 + k3)
2; t = (p1 − k3)2 = (k1 + k2 − p2)2;
u = (p2 − k3)2 = (k1 + k2 − p1)2; q1 = (p1 − k1)2 = (k2 + k3 − p2)2;
q2 = (p2 − k2)2 = (k1 + k3 − p1)2. (7)
We can define five additional invariant parameters, which will be expressed through the
main invariant variables (2):
s1 = (k1 + k2)
2 = (p1 + p2 − k3)2; t1 = (p1 − k2)2 = (k1 + k3 − p2)2;
u1 = (p2 − k1)2 = (k2 + k3 − p1)2; q3 = (k3 + k1)2 = (p1 + p2 − k2)2;
q4 = (k3 + k2)
2 = (p1 + p2 − k1)2. (8)
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Using (7) and (8), the scalar products of 4-momenta in the reaction we can be expressed in
terms of these invariants
2(p1p2) = s; 2(p1k3) = −t; 2(p2k3) = −u; 2(p1k1) = M2W − q1; 2(p2k2) =M2W − q2;
2(p1k2) = s+ t+ q1 −M2W ; 2(p2k1) = s + u+ q1 −M2W ; 2(k1k3) = q2 − q1 − t;
2(k2k3) = q1 − q2 − u; 2(k1k2) = s+ t+ u− 2M2W ; (9)
The particles are on their mass shell, and by considering the fact that the real photon does
not have mass, and, neglecting quark masses, we then obtain:
p21 = p
2
2 = 0, k
2
3 = 0, k
2
1 = k
2
2 = M
2
W . (10)
Additional invariants parameters (8) can be expressed through invariant variables (7)
s1 = s+ t+ u; t1 = 2M
2
W − s− t− q1; u1 = 2M2W − s− u− q2;
q3 = M
2
W − q1 + q2 − t; q4 =M2W + q1 − q2 − u. (11)
To simplify the calculations, we omit the quark mass mq due to the kinematic region under
consideration:
s+ s1 + q1 + q2 + t1 + u1 = 4M
2
W ; s+ q2 + t1 = M
2
W + q3; s1 + q2 + u1 = 2M
2
W + t;
q2 + t− q1 − q3 = 2t−M2W ; q2 − q1 − q3 = t−M2W ; t+ u+ q3 + q4 = 2M2W ;
s1 + q2 + u1 = 2M
2
W − u; q4 + u+ q2 = q1 +M2W ; s+ q2 + t1 = M2W − q3;
s + q1 + q2 + t1 + u1 + t + u = 4M
2
W − s; s1 + q3 + q4 = s+ 2M2W ;
s+ q1 + u1 = q4; q3 + q4 = 2M
2
W − t− u; s+ t + u+ q1 + q2 = 2M2W .(12)
It would be convenient to introduce the following variables:
ρ =
4M2W
s
, x =
s1
s
, y = cos(~̂p1~k3), βx =
√
1− 4M
2
W
xs
. (13)
The kinematic limits for the above expression are
ρ ≤ x ≤ 1, −1 ≤ y ≤ 1, (14)
where y is the cosine of the angle between p1 (quark in initial state) and k3 (photon in the
final state) in the quark-anti-quark center-of-mass system.
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Using the above expression (13) and (14) for the variables t and u, we obtain the following
form:
t = −s
2
(1− x)(1 − cos θk),
u = −s
2
(1− x)(1 + cos θk),
cos θk = y. (15)
The completeness relation of the polarization vectors of photon can be written as∑
λ
εµ(k3, λ)ε
∗
ν(k3, λ) = −gµν . (16)
The polarization vectors for massive spin-1 particles such as the Z and W± bosons, satisfy
the completeness relation ∑
λ
εµλ(k)ε
ν∗
λ (k) = −gµν +
kµkν
M2W
. (17)
In the center-of-mass frame of the W+W− system, we can parameterize the 4-vectors as
a = (a0, az, ax, ay):
p1 = E1(1, 0, 0, 1);
p2 = E2(1, 0, sinψ, cosψ);
k1 = EW−(1, βx sin θ1 sin θ2, βx sin θ1 cos θ2, βx cos θ1);
k2 = EW+(1,−βx sin θ1 sin θ2,−βx sin θ1 cos θ2,−βx cos θ1);
k3 = E3(1, 0, sinψ
′, cosψ′). (18)
Using the conservation law of 4-momentum, we can determine the expression for E1, E2, E3:
p1 + p2 − pW − k3 = 0;
p1 − pW = k3 − p2; (19)
here pW =
√
s1 = k1 + k2 is the invariant mass of W
+W− pairs. If we take the square, then
we get
−2E1√s1 + s1 = −2p2k3 = u; (20)
using the expression for s1 from (11), we obtain the following expression for E1:
E1 =
s+ t
2
√
s1
. (21)
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In an analogous method we will receive the same expression for E2 and E3:
E2 =
s+ u
2
√
s1
, E3 = − t + u
2
√
s1
. (22)
Now we can determine cosψ, sinψ, cosψ′, sinψ′. To do this, we need to use the following
expression:
2p1p2 = 2E1E2 − 2|~p1||~p2| cosψ. (23)
We get
cosψ = 1− s
2E1E2
,
sinψ =
√
1− cos2 ψ. (24)
We must parametrize two more invariant variables q1 and q2:
q1 = (p1 − k1)2 = M2W − 2p1k1;
2p1k1 = 2E1EW− − 2|~p1||~k1| cos θ1 = s+ t
2
− (s+ t)
2
√
1− 4M
2
W
xs
cos θ1 =
=
1
2
(s+ t)(1− βx cos θ1). (25)
We get
q1 = M
2
W −
1
2
(s+ t)(1− βx cos θ1), (26)
here βx =
√
1− 4M2W
xs
.
Respectively we can parametrize q2:
q2 = (p2 − k2)2 = M2W − 2p2k2; (27)
2p2k2 = s+ u− 2p2k1;
2p2k1 = 2E2EW− − 2|~p2||~k1| cos θA = 1
2
(s+ u)(1− βx cos θA), (28)
Then for 2p2k2 we obtain
2p2k2 =
1
2
(s+ u)(1 + βx cos θA), (29)
where
cos θA = sin θ1 cos θ2 sinψ + cos θ1 cosψ. (30)
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Taking into account (28), (29) and (30) in (27), then for q2 we obtain the following expression
q2 = M
2
W −
1
2
(s+ u)(1 + βx cos θA). (31)
Using formulas (15) in (21) and (22), for E1, E2 and E3 we obtain a simple expression
E1 =
1
4
√
s
(
1√
x
(1 + y) +
√
x(1− y)
)
;
E2 =
1
4
√
s
(
1√
x
(1− y) +√x(1 + y)
)
;
E3 =
s√
s1
y(1− x). (32)
B. The phase volume calculation for the q(p1) + q¯(p2) → W+(k1) +W−(k2) + γ(k3)
process
The phase volume of this process has the standard form:
dΓ3(p1, p2, k1, k2, k3) = (2π)
4δ4(p1 + p2 − k1 − k2 − k3) d
3~k1
(2π)32EW−
d3~k2
(2π)32EW+
d3~k3
(2π)32E3
,(33)
A derivation begins with introducing a unity factor:
1 =
∫
ds1 ·
∫
d3~pW
2EW
δ4(pW − k1 − k2),
E2W = ~p
2
W + s1; s1 = p
2
W = (k1 + k2)
2, (34)
and after resorting it is:
dΓ3(p1, p2, k1, k2, k3) =
∫
ds1 ·
∫
d3~k1
(2π)32EW−
d3~k2
(2π)32EW+
d3~k3
(2π)32E3
·
∫
d3~pW
2EW
·
·(2π)4δ4(p1 + p2 − pW − k3) · δ4(pW − k1 − k2)· (35)
Integrating over photon momenta removes the δ-function, and using the properties of the
δ-function, we can rewrite:
d3~k3
2E3
δ4(p1 + p2 − pW − k3) = δ(s+M2W − 2
√
sEW ), (36)
If we conduct similar integration for momenta k2, we get
d3~k2
2EW+
δ4(pW − k1 − k2) = δ(M2W+ −M2W− − p2W + 2
√
s1EW−); (37)
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From this δ-function one can obtain an expression for the energy of W−boson
EW− =
s1 −M2W+ +M2W−
2
√
s1
=
1
2
√
s1, p
2
W = s1. (38)
In an analogous form it is possible to derive an expression for the energy of W+ boson:
EW+ =
s1 +M
2
W+ −M2W−
2
√
s1
=
1
2
√
s1. (39)
After integrating over the momenta k3 and k2, we obtain an expression for dΓ3:
dΓ3 ∼ d
3~k1
2EW−
· d
3~pW
2EW
δ(s+M2W − 2
√
sEW ) · δ(M2W+ −M2W− − s1 + 2
√
s1EW−). (40)
In a analogous method, we obtain the following expression after integration over k1:
d3~k1
2EW−
· δ(M2W+ −M2W− − s1 + 2
√
s1EW−) =
kW
−
1
4
√
s1
dΩW−. (41)
As a result, we get
d3~pW
2EW
· k
W−
1
4
√
s1
dΩW− · δ(s+M2W − 2
√
sEW ) =
pWk
W−
1
16
√
s
√
s1
dΩWdΩW−, (42)
here kW
−
1 =
1
2
√
xsβx.
If this expression is put in (34), then we get
dΓ3(p1, p2, k1, k2, k3) = (2π)
−5
∫
ds1 · pWk
W−
1
16
√
s
√
s1
dΩWdΩW−. (43)
Finally, by integrating over the angle and after simplifying, we have
dΓ3 =
sβx
512π4
(1− x)dxdyd(cos θ1)dθ2. (44)
Here, the angles θ1 and θ2 range from 0 to π.
C. The transverse momentum and rapidity distributions
sˆ = x1x2S;
q1 = (p1 − k1)2 = M2W −
S
2
x1xTW−e
−y1 = M2W − x1
√
s
√
p2tW− +M
2
W e
−y1 ,
q2 = (p2 − k2)2 =M2W −
S
2
x2xTW+e
−y2 = M2W − x2
√
s
√
p2tW+ +M
2
W e
−y2 . (45)
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In the above expression, S is the square of the hadronic center of mass energy, y1 and y2 are
rapidities ofW− andW+ bosons, respectively, where ptW− and ptW+ are transverse momenta
of W− and W+ bosons, respectively.
The kinematic limits for the above expression are√
p2tW+ +M
2
W√
s−√p2tW− +M2W ey1 ≤ y2 ≤
√
s−√p2tW− +M2W ey1√
p2tW+ +M
2
W
. (46)
y1max = −y1min = min
{
Y1; cosh
−1
( √
s
2
√
p2tW− +M
2
W
)
; ln
(√
s−√p2tW+ +M2W e−Y2√
p2tW− +M
2
W
)}
,(47)
in the numerical applications we take Y2 =2.5.
Using the lowest order kinematics described previously, another variable that is often used
in studies of pair (or jet) production is the pair (dijet) invariant mass M2W+W−. This is to
be given by
M2W+W− = s1 = 2M
2
W + 2
√
p2T
W−
+M2W
√
p2T
W+
+M2W [1 + cosh(y1 − y2)]. (48)
The total cross section for the pp → W+W−γ process at the hadronic level obtained
by convoluting σˆab with parton distribution functions (PDFs) of the colliding protons and
four-momenta P1 and P2 can be written in the following form:
σ(P1, P2) =
∑
a,b
1
1 + δab
1∫
x1,min
dx1
1∫
x2,min
dx2 · fa/A(x1, µ2f)fb/B(x2, µ2f)σˆab(x1, x2, p1, p2,M2W , µ2f) +
+(A↔ B), (49)
where the sum is over all partons that contribute to the process (a runs over the partons of
proton A, and b runs over the partons of proton B); x1 and x2 are the fractional momenta of
the partons participating in the fundamental subprocesses, and m is the quark mass, MW is
the mass ofW boson, the variable µ is the factorization scale, and the indices a and b specify
the types of the incoming partons; fa/A and fb/B are parton distribution functions (PDFs)
for the partons a, b, in the proton A, B; σˆab is the partonic cross section for interactions of
two partons. The Kronecker delta factor necessary for identical initial-state partons.
For the parton distribution functions (PDFs) we use the sets of MSTW2008 parametrization
[58].
15
From kinematics, we can determine x1 and x2 in the following form
x1 =
(
x2
√
s
√
p2tW− +M
2
W e
y1 + x2
√
s
√
p2tW+ +M
2
W e
−y2 −
−2√s
√
p2tW− +M
2
W
√
p2tW+ +M
2
W (1 + e
y1−y2)
)
/
(
x2s−
√
s
√
p2tW− +M
2
W e
y1 −
−√s
√
p2tW+ +M
2
W e
−y2
)
, (50)
x1 gets a minimum at x2 = 1, that is
x1,min =
(√
s
√
p2tW− +M
2
W e
y1 +
√
s
√
p2tW+ +M
2
W e
−y2 −
−2√s
√
p2tW− +M
2
W
√
p2tW+ +M
2
W (1 + e
y1−y2)
)
/
(
s−√s
√
p2tW− +M
2
W e
y1 −
−√s
√
p2tW+ +M
2
W e
−y2
)
, (51)
and
x2,min =
(
x1
√
s
√
p2tW− +M
2
W e
y1 + x1
√
s
√
p2tW+ +M
2
W e
−y2 −
−2√s
√
p2tW− +M
2
W
√
p2tW+ +M
2
W (1 + e
y1−y2)
)
/
(
x1s−
√
s
√
p2tW− +M
2
W e
y1 −
−√s
√
p2tW+ +M
2
W e
−y2
)
. (52)
The total cross sections for the partonic process q + q¯ → W+ +W− + γ have the form
σˆab =
1
2sˆ
1
4N2C
∫
dΓ3
∑
spins,
color
|Mab|2, (53)
where dΓ3 is the three-body phase space element, the summation is taken over the spins and
colors of the initial and final states, sˆ is the centre-of-mass energy-squared of the parton-
parton collision, NC = 3 is the number of colors in QCD.
Now we want to derive an expression for the differential cross section, which will depend on
the transverse momenta and the rapidity of the W+W− bosons in the final state.
To this end, we use (45) in the expression for the square of the amplitude (6), and using
(49) we can theoretical by calcuclate the cross sections according to
dσ
dpT,W+dpT,W−
=
∫
dy1
∫
dy2 · τ dσ
dpT,W+dpT,W−dy1dy2
, (54)
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where τ = sˆ
S
= x1x2.
The cross section distribution of the rapidities, we obtain the following formulas
dσ
dy1dy2
=
∫
dpT,W+
∫
dpT,W− · 16
S
pT,W+pT,W− · dσ
dpT,W+dpT,W−dy1dy2
, (55)
the y1 and y2 integrations limits are given by (46) and (47). Integration limits for the pT,W ,
we obtain the following expression:
pexpT,Wmin = p
exp
T,min > 0,
pT,Wmax =
√
S
Exp[2y1] + 2Exp[y1 − y2] + Exp[−2y2] −M
2, (56)
for the case y1 = y2 = 0, for pT,Wmax we obtain
pT,Wmax =
1
2
√
S − 4M2W . (57)
III. NUMERICAL RESULTS
In this Section, we present numerical results by explicitly considering the distribution of
the total cross-section, the transverse-momentum distribution, and the rapidity distribution
of W+W− bosons in proton-proton collisions at LHC energy.
We calculate the total cross-section by formulas (49) for WWγ production processes as a
function of collider centre-of-mass (CM) energy
√
s ranging from 0.5 to 14 TeV. The obtained
result on total cross-cestion is shown in Fig. 4. The central values of renormalization (µR),
and factorization (µF ) scales are set to µR = µF = MW .
We calculated the transverse momentum (pT ) distributions in the region from 0.5 to 14
TeV of W+ boson (for the W− boson transverse momentum distribution is analogous) in
the final state for pp→W+W−γ process of the √s = 14 TeV . The results of our numerical
calculations have been represented in Fig. 5.
We now present the inclusive transverse-momentum spectrum of the W vector-boson
pair. We calculated the differential cross section for the transverse momentum (pT (WW ))
distribution of the W boson pair in the regions pT = 20÷600 GeV at the
√
s = 14 TeV. We
show our results of the transverse momentum distribution of the W - boson pair in Fig. 6.
It can be predicted that the feature of the pT distributions at the LHC characterize as
searches in the triple gauge boson measurements.
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Figure 4: The total cross-section for the W+W−γ production process as a function of the center-
of-mass energy
√
s.
Figure 5: W+ and W− transverse momentum distributions at the center-of-mass energy
√
s =
14 TeV in pp interactions.
We will now study the distribution of the differential cross section on the rapidities (y) of
W+ and W− bosons in the final state. In Fig. 7, we present the rapidity (y) distributions,
in the reqions −2.5 ≤ y ≤ 2.5 of the final W+ and W− bosons for the pp → W+W−γ
process at
√
s = 14 TeV . Also, we have calculated the distribution of the differential cross
section for correlation of the rapidities between W+ and W− bosons. The distribution of
the correlation of rapidities is depicted in Fig. 8
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Figure 6: Transverse momentum distribution of the W+W− pair at the center-of-mass energy
√
s = 14 TeV in pp interactions.
Figure 7: The rapidity distributions of the W+ and W− bosons at the center-of-mass energy
√
s = 14 TeV in pp interactions: in the left peak (W−), and in the right peak (W+), respectively.
IV. CONCLUSION
In the present paper, we have studied the transverse momentum and rapidity distribu-
tions of vector bosons in proton - proton collisions.
We studied the pp→ W+W−γ process using the quark (and anti-quark) distribution func-
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Figure 8: Distribution of the correlation of rapidity between W+ andW− bosons: ∆y(W+W−) =
yW+ − yW−, at the center-of-mass energy √s = 14 TeV .
tions in the initial state set of the MSTW2008 [58] parametrization in the framework of
the Standard Model, which are intensively investigated in ATLAS and CMS at the Large
Hadron Collider.
We have presented the numerical results for W+W−γ production at LHC energy.
Having all the tools to calculate and using equation (49) together with the hard-scattering
amplitude in equation (6) we performed the parton level calculations.
We estimated the cross section of the W bosons production as a function of transverse
momentum pT and rapidity y of the W bosons. The obtained results using the set of
uPDFs [58] can be used for such phenomenological studies. We used the experimental cuts
of the transverse momentum and rapidity of the W bosons used by the ATLAS and CMS
experiments in their measurements, which are available to leading transverse momentum of
lepton pT > 20 GeV and absolute value of rapidity |η| < 2.5.
In this present paper, we investigated the distribution of the transverse momentum (pT )
and the rapidity (y) of W+ and W− bosons separately, and also the distribution of the total
cross section from the centre-of-mass energy
√
s at LHC energy.
In this paper, we studied several cases of phenomenological interest, which demonstrate the
effect of NLO corrections.
It can be predicted that the production of WW boson pair and WWγ production is an
20
important source of both the background for Higgs and the search for new physics at LHC.
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